In this paper, we study the boundedness and compactness of the differences of two weighted composition operators acting from α-Bloch space to β-Bloch space on the open unit disk. This study has a relationship to the topological structure of weighted composition from α-Bloch space to β-Bloch space.
Introduction
Let D be an open disk in the complex plane C and H(D) be the class of all functions analytic in D. We denote by S(D) the set of all analytic self-maps on D. For z, w ∈ D, the pseudo-hyperbolic distance ρ(z, w) between z and w is given by
For a ∈ D, Let σ a be the Möbius transformation of D defines by σ a (z) = a − z 1 − az .
We remark that ρ(a, z) = |σ a (z)| ≤ 1. For ϕ ∈ S(D), the Schwarz-Pick type derivative of ϕ is defined by
The Schwarz-Pick Lemma implies that ϕ ♯ ∞ ≤ 1. Madigan and Matheson [10] proved that C ϕ is compact on B if and only if |ϕ ♯ (z)| → 0 wherever |ϕ(z)| → 1. Ohno and Zhao [13] generalized this result to the case of uC ϕ on B.
The study of the difference of two composition operators was started on the Hardy space H 2 . The main purpose for this study is to understand the topological structure of C(H 2 ), the set of composition operators on C(H 2 ), see [15] . Then, Mac-Cluer, Ohno and Zhao [11] considered the above problems on H ∞ . This work gave a relationship between a component problem and the behavior of the difference of two composition operators acting from B to H ∞ . After that, such related problems have been studied on several spaces of analytic functions by many authors, see [7, 4, 9, 14] for the study of differences of composition operators on various spaces. Some related results concerning the differences of weighted composition operators on various spaces can be founded in, for example, [2, 5, 6, 8] .
As an analogue, the topological structure of the set C(B α → B β ) of bounded weighted composition operators from B α to B β can be considered. In this context, we deal with the differences of weighted composition operators from B α to B β when α > 1. The main purpose of this paper is to express the boundedness and compactness of uC ϕ −vC ψ from B α to B β which generalizes [6] . The authors expect that these results will play some roles in the succeeding investigation.
For two quantities A and B which may depend on ϕ and ψ, we use the abbreviation A B whenever this is a positive constant C(independent of ϕ and ψ) such that A ≤ CB. We write A ∼ B if A B A.
Prerequisites
We collect some basic properties of functions in B α . It is known that the follows hold(see [16] ), for z, w ∈ D
Moreover we use the following notion:
We remark that |σ ϕ(w) (ψ(w))| = |σ(w)| = ρ(w), and |τ (z)| = 1 − ρ 2 (z).
For {z n } ⊂ D, denote that ϕ n = ϕ(z n ) and ψ n = ψ(z n ). Similarly we use the notion σ n , τ n .
Note that
Lemma 2.1. [14] Let 0 < α < ∞. For all z, w ∈ D, the Bloch-type induced distance is given by
Then ♭ α (z, w) ρ(z, w).
The result is right for |1 − τ α (w)| too.
Lemma 2.2. There exists a constant C > 0 such that for any a, b ∈ D,
Proof. It is very easy and we omit.
The boundedness from B α to B β
Here we formulate and prove the main results of this paper.
First we estimate I,
Then we estimate II
Consider I and II, then the proposition holds.
Proposition 3.2. Let ϕ, ψ ∈ S(D) and u, v ∈ H(D). If uC ϕ − vC ψ is bounded from from B α (α > 1) to B β , then the following conditions hold:
Since w is arbitrary in D, we get (i).
(ii) Consider the function g(z) = f µ (z)σ 3 λ (z), it is easy to see that g(z) ∈ B α . Take λ = ϕ(w), µ = ψ(w), z = w, and by estimate on (uC ϕ − vC ψ )(g) β , we have that
where we use the fact that
By Remark 2.1 and (a)of (i),we have that
(ii)Let E u,ϕ be the set of all sequences {z n } such that
Remark 3.1. Using these notions, [12] is rewritten that a weighted composition operator uC ϕ is bounded from
We will characterize the boundedness of uC ϕ − vC ψ from B α to B β under the assumption 
Proof. First we assume that uC ϕ − vC ψ is bounded from B α to B β . In the following we prove (i)-(iii). Suppose that D v,ψ = ∅. Then (iii)(b) holds. By (iii) of Proposition 3.2, (iii)(a) also holds. Fix w ∈ D, let p(z) = f λ (z)σ λ (z), then p ∈ B α . Take λ = ϕ(w), z = w. By the estimate on (uC ϕ − vC ψ )(p) β , we have that
With condition (A) and the assume of |v(w)ψ ♯ (w)| < ∞, we have
Next suppose that D v,ψ = ∅. Multiply inequality (3.1) by ρ(w) and combine with (i) of Proposition 3.2, we have that
Therefore with Remak 2.1, we obtain
Combining with (iii) of Proposition 3.2, we have that
Hence from inequality (3.1) again, we have that
Applying Remark 2.1 again, we have
Similarly we can prove that D u,ϕ ⊂ D v,ψ . Hence we get the condition (i)-(iii). In the following we prove (iv)-(vi). For f ∈ B α , by the triangle inequality, we have that
Consider the function g λ defined by g λ (z) = 1 (1−λz) α−1 and take λ = ϕ(w), z = w, then from the up inequality we have that
Consider the function f λ = (1−|λ| 2 ) α−1 (1−λz) 2(α−1) and take λ = ϕ(w), z = w, similarly we have that and (3.7), we have that
Similarly we have that
From inequalities (3.6) and (3.8), we have that
First, suppose that E u,ϕ = ∅. Then by (3.10) and Lemma 2.2, we obtain that
Apply Lemma 2.2 again, we have that
Next suppose that E u,ϕ = ∅ and let {z n } ∈ E u,ϕ . By (3.6), we get
Then from (3.9), we get that
Then we obtain the condition (iv).
Combining (3.6) and (3.7), for {z n } ∈ E u,ϕ , lim n→∞ |V (z n )| 1
Thus we get
By (3.8) and (3.11) , for all {z n } ∈ E u,ϕ , we have that
Thus we get the condition (v). From (3.5), we obtain that there exists a positive constant C such that for any
Therefore we get sup {zn}∈Eu,ϕ lim n→∞ |U (z n )|d α (z n ) ≤ C.
Hence condition (vi) holds.
Conversely, we suppose that the condition (i)-(vi) hold. Let ∂E u,ϕ be the set of the cluster points of each {z n } ∈ E u,ϕ . Then ∂E u,ϕ ⊂ ∂D. There exist a constant M 1 > 0 and a compact subset K of D such that ∂E u,ϕ ⊂ K,
On the other hand, there exits a constant M 2 > 0 such that
Then we obtain that for M 0 = max{M 1 , M 2 }, (iii) uC ϕ − vC ψ β → 0 for any sequence as in (ii). We define some other sets of sequences in D. (i) We denote by G u,ϕ the set of all sequence {z n } such that |ϕ(z n )| → 1 and |u(z n )ϕ ♯ (z n )| 0. (ii) We denote by F u,ϕ the set of all {z n } such that |ϕ(z n )| → 1 and |u(z n )|
To characterize the compactness of uC ϕ − vC ψ from B α to B β , we need the assumpation
when ρ n → 0. Proof. Suppose that uC ϕ − vC ψ is compact from B α to B β . Consider the function defined by f m,k (z) = f λ (z)(σ m λ (z) − λ m−k σ k λ (z)), for λ ∈ D and nonnegative integers k, m with m > k ≥ 1. It is easy to see f m,k ∈ B α converges to 0 uniformly on every compact subset of D. Take λ = ϕ(z n ), z = z n , {z n } ∈ D, then we have that
Choose m = 4 and k = 3, we have that
Choose m = 3 and k = 2, we have that
Formula (4.1) minus formula (4.2) which multiplied by σ n , then we have that
Formula (4.2) multiplied by σ n minus (4.3) multiplied by 3, then we have that
Choose m = 2 and k = 1, we obtain that
Formula (4.1) minus formula (4.5) which multiplied by σ 2 n , then we have that |v(z n )ψ ♯ (z n )σ 2 n (2σ n − 2ϕ n )τ α n − u(z n )ϕ ♯ (z n )ϕ n σ 2 n | → 0. From formulas (4.3) and (4.6), we obtain that
Suppose that G u,ϕ = ∅ and let {z n } ∈ G u,ϕ . Then (4.7) implies that ρ n → 0 or |τ n | = 1 − |ρ 2 n | → 1. In fact, the function p(z) = f λ (z)σ λ (z) defined in Theorem 3.1 converges to 0 uniformly on every compact subset of D as |λ| → 1. Take
Multiplying (4.8) by ρ 2 n and combining with (i)b of Proposition 3.2, we have that
Multiplying (4.8) by ρ n and combining with (4.11), we obtain
From condition (B) and (4.4), we obtain that |v(z n )ψ ♯ (z n )|ρ n → 0. (4.13)
Hence, applying (4.8) again, we have that
Hence we get (ii) and (iii). Equation (4.15) means that ∅ = G u,ϕ ⊂ G v,ψ . Since the converse inclusion is also true, G u,ϕ = G v,ψ if G u,ϕ = ∅. If G u,ϕ = ∅, then the inclusion implies that G v,ψ = ∅ which proof is similar to Theorem 3.1.
In the following, we prove (iv)-(vi). Similar to Theorem 3.1, for any bounded sequence {g n } ∈ B α that converges to 0 uniformly on every compact subset of D, we have that |U (z n )g n (ϕ(z)) − V (z n )g n (ψ(z))| → 0.
(4.16)
Let {z n } ∈ D such that |ϕ(z n )| → 1 and let f k (z) = ( 1 (1 − |ϕ(z n )| 2 ) α−1 ) −k+1 ( 1 (1 − ϕ(z n )z) α−1 ) k for any positive integer k. Fix k, {f k } is bounded in B α and converges to 0 uniformly on every compact subsets of D as n → ∞. For z = z n and k = 1, 2, we have that
and
The above formulas imply that
From (4.17) and (4.18), we have obtain that |U (z n )| 1
(4.20)
Similarly we have that |V (z n )| 1
(4.21)
From (4.18) we have that |U (z n ) − V (z n )| (1 − |ϕ(z n )| 2 ) α−1 → 0.
Suppose that {z n } ∈ F u,ϕ . Then by (4.17), we obtain that V (z n ) (1 − |ψ(z n )| 2 ) α−1 = V (z n ) Hence, we have that (1 − |z n | 2 ) β |(uf n (ϕ) − vf n (ψ)) ′ (z n )| ≤ |U (z n )f n (ϕ(z n )) − V (z n )f n (ψ(z n ))| + |u(z n )ϕ ♯ (z n )(1 − |ϕ(z n )| 2 ) α f ′ n (ϕ(z n )) − v(z n )ψ ♯ (z n )(1 − |ψ(z n )| 2 ) α f ′ n (ψ(z n ))| → 0, which contradicts to (4.22). Our proof is finished.
